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LwMMARY
theturbulent-boundary-layerflowovera flat
flowiscarriedoutonthebasisofthescheme
establishedinNACATN2542. By averagingtheNavier-Stokesquations,
differentialequationsforthemeanflowareobtained.A temperature-
velocityrelationfollowswithouta specifiedformofthelengthscale.
To derivethevelocitydistributioni theboundarylayer,a choiceof
thelengthscalehastobemade. Thetemperature-velocityrelation
reducestoReynolds’analo~andthevelocitydistributiongoesbackto
VonK&&n’s logarithmiclawforthespecialcaseof incompressible
flow.
Thereareessentiallythreeuniversalconstants,arisingoutofthe
correlationsintheener~ equation,tobe determinedby comparingwith
suitablexperimentsofthetemperature-velocityrelationat anyknown
Machnuniberandheattransferatwall. ThebehavioratotherMach
numbersandheat-transferconditionsmaythenbe readilypredicted.
Becauseofthelackof accuratexperimentaldata,attemptsto carry
outsuchdeterminationsarenotincludedinthepresentreport.
INTRODUCTION
As Partofan investigationofVonK&dn’s similarityheoryand
itsetiensionto compressibleflows,thetheoryforincompressibleflows
wasexaminedcriticallyinreference1 by usingmodernconcepts.Itwas
foundthattheoriginalformofthetheoryissupportedby moderncon-
cepts.Inreference2,thetheorywasextendedtothecaseof compres-
sibleflowsanditwasfoundthattheanalysiscouldbe carriedthrough
withadditionalapproximationsbutwithoutanymodificationfthebasic
—— -—— . ._— - ——.— .—— ._—. - . ._
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concepts.Inthepresentpapertheproblemof compressibleflowina
turbulentboundarylayerisconsideredonthebasisofthescheme
establishedinreference2. ItisshownhowtheinfluenceoftheMach
number(e.g.,onthevelocityandtemperaturedistribution)canbe pre- .
dietedfromthetheoryaftertheconstantcoefficientsin’’thetheory
aredeterminedby onesetofexperimentalmeasurements.
ThisinvestigationwasconductedattheMassachusettsInstituteof
Technologyunderthesponsorshipandwiththefinancialassistanceof
theNationalAdvisoryCommitteeforAeronautics.
vm.ocITY—TEMPlmATuRERELATION
Attemptswi”llnowbemadeto deducerelationshipsamongthemean
quantitiesandtheirdistributionswithintheboundarylayer.To do so
onereturnsbacktothecompletequationsofmotion(equations(26)
to (29)ofreference2)insteadofworkingwiththe“localized”equa-
tionswheretheobserverideswiththemeanvelocity.Theseequations
areaveragedsothatonlymeanquantitiesandthecorrelationsofthe
fluctuatingquantitiesappear.
A strictlyparallelflowwillbe considered.Thejustificationof
itsapplicationtothecaseof a boundarylayerwillbe discussedlater.
Byusingthecontinuityequation,itiseasytoshowthat
(1)
whenthemeanflowdependson y only.Herethebardenotestheaverage
ofthequantityunderitand F standsforanyfunction.(SeeappendixA
fordefinitionsof symbols.)Thus,equation(26)ofreference2 leadsto
(2)
——-.-.—. . . .. . .
Q3
,
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Therefollows
where To is
immediately,by integration,
~ = constant= To
7 =F - q
~ = cOllStant = Toz -
)
theshearingstressattheplateinthex-direction,
(3)
Toz,theshearingstressattheplateinthez-direction,and ~, the
pressureoutsidetheboundarylayer.Oneexpandstheaveragedqua.n-
tibiesinequations(3)andfindsthattriplecorrelationsareinvolved
aswellasthemean-flowvariablesanddoublecorrelations.Inusual ,
casesthetriplecorrelationsaretakento
doublecorrelations.Forexample,
p’u’v’2
A wordof caution,however,
r(P’)20(W),
be ofhigherorderthanthe
.
.—
<< p U’v’
maybe inorderheretowarnagainsthe
(4)
overconfidencein-suchest~~ons. Itisnothingmoreth& a plausible
guessoftheindividualterms,andsometimesa combinationftheindi-
vidualtermsmayverywellinvalidateheresult.Thediscussionin
reference2 ofthedilatatione servesas a goodexample.
Nevertheless,itisperhapsadmissibleinthepresentcaseto drop
triplecorrelationsinvolvingp’ onthebasisoftheestimationslike
equation(4). Ifoneconcedesthattheeffect.ofthetriplecorrela-
tionsisnotnegligiblebutrelativelysmall,thenthevalidityofthe
theory,beingan approximateone,mightnotbe seriouslyimpaired
becauseoftheomission.By leavingoutthetriplecorrelations,equa-
. tions(3)sreexpandedintothefollowing:
—- .— .— .—— —
—.——— —
lNACATN 2543
.
——- —
p U’v’+ u P’v’ = To (5)
.
(6)
wheresubscript1 denotes
of conttiuity,onehas
the
.—
P VIW’ = Toz (7)
free-streamquantity.Fromtheequation
hence
* = Constant= m (8)
where m isevidentlythemasstransferthroughthewall. Likewisefrom
theequationof energy(equation(28)ofreference2)
whichyields,by omittingthetriplecorrelationp~v’T~andinte-
gratingbetweenO and y,
where ~ isthepressure
effectivethictiessofthe
&*
atthewall(cf.equation(6)), 8*, the
laminarsublayer,q,theheattransferat
.-i,
.
—.——_-
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thewall,and q*=
J
F dy,theheatgeneratedwit~n thelaminar
o’
sublayer(cf.appendixB fordiscussionof q*).
Onemaynowmakethefollowingobservations:Inequation(8),the
turbulentmasstransferm vanishesifthereisno additionor sub-
tractionofmassthroughtheplate.Fora nonporousflatplate,then,
equation(5) leadsto
——
~ U’Vf =To (lo)
Onemay
ences3
ence5,
notethatequation(10)isalsothebasicequationinrefer-
and4,wheretheroleof ,F wasnotmentioned.Inrefer-
theterm ~ iskeptandgivennophysicalinterpretation.
Withthepreviousassumptionof smallturbulencelevel
(v’)2/~<<1, whenthefree-streamMachnumberisoforderunity,
equation(6) reducesto
5% q (11)
asusuallyacceptedforboundary-layerflows,andtheterm E - g drops
outineqwtion(9). Itisseen,however,thatequation(11)ceasesto
be trueif
(v’F’M12x~x o(1)
U2
Equation(1’)ismerelythestatementof constancyof
shearinthez-direction.Itdoesnotinfluencethemean
xy-plane.
thetransverse
motioninthe
Thenetistepisto introducethesimilarityheoryandrepresent
thefluctuationsintermsofthescales.Oneobtainsfromequation(10)
Fvo2=T ‘o (12)
— —.—— —-— .——.—
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by absorbingthecorrelationconstant~ into Vo,the.9imiluitY
scaleforvelocityfluctuations.Similarly@om equation(9),with T’
brokeninto T1’ and T2’ accortigto reference2J
( ‘J.—— Y–yiyCPPV’T1’+ v’T2t = alpvo—+q+q*to (13) ,5*
where al isa correlationconstantforthedissipationa dusehas
beenmadeoftherelation
Introducingscalesel and e2 for T1’ and T2’,respectively,and
absorbingthecorrelationsintoproportionalconstants,w and ~
Usingequation
reference2,
(12)andthedefinitionof to inequations(32)of
(- - -)=UITO u
with = representingthevelocityattheedgeofthelaminarsublayer.
Henceequation(13)becomes
(
@
Fvo~zo ~+ a3vo)
* = UITO(E - w)+q+q*
.
—.———..—.— —
.——————
A
.
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or
%2~ + a3vo = al(ii - Wdii
whereagaintherelations(12)andequations
beenused.
7
+q+q* (14)TO
(32)ofreference2 have
ThequantityV. maybe putintermsof ~:
i
with ~ = R ~. Also,since q*= TO=* (see appendixB),onemay
P
introducean “effective”velocity
(~=ii-1-
Thenthefinalformofthedifferential
reducedfromequation(14)into
(15)
(16)
equationhetweenT and ii is
(17)
Equation(17)isderivedwithouta specificassumptiononthelength
scale 10. Theconstantal representstheheatingdueto dissipation,
asa partoftheexternalwork TOG;~ representsboththemixing
phenomenonandthecompressibility;and
‘3 reflectsthecombinedeffect
ofthecompressibility&d thedissipation.On a closerlookatexpres-()sion(16),it isrevealedthatthefactor 1 - ~ arisingfromtheal
heatingeffectisoriginatedfromtheidealizedsituationof anentirely
turbulentouterboundarylayerwithsimilarityandan innerlaminar
viscousublayer.Inthesublayeralltheenergysuppliedby the
externalworkmustgo intoheatthroughdissipation,hencetheconstant
unityappears.Intheturbulentlayer,partoftheener~ istrans-
ferredorturnedintoturbulentenergy,thereforeonlya portional
isdissipated.Ifa transitionregionbetweenthetwoidealizedregions
—-— —.—— .——.— ..— —
..
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hadbeenassumed,therewouldbe nodiscontinuityinthepicturebut
a termoftheorder(.- aJG wouldstillbe presentintheheating
becauseofdissipation.l
Equation(17)maybe nondimensionalizedbywriting
wheresubscript
thetemperature
/
——ti=ueul
(18)
1 again referstothefree-streamvalueand ~. is
atthewall.Thentherefollows
(19)
%0 seethis,onecouldassumea lineartransitionofthedissi-
pationparametersuchthat
+
= UITO
where C15*g y ~ C25* isthetransitionregionand ~ —ad UC2 ‘e
therespectivelocitiesattheendsofthetransition.Thentheterm
.
correspondingto
F - :)= ‘s (’- *)(S; G)”
.—— . . —.
2.
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where
9
A1=7R~
L—CvToQ=2——-%:
(20)
Equation(19)isthefundamentalequationofthepresentheoryforthe
variationofmeantemperaturewithmeanvelocity.Inthespiritofthe
localsimilarity,sincetheturbulencepatternisobtainedbyletting
theobserveridewiththemeanlocalvelocity,itseemsquitecl-ear
thattheMachnumbereffectatmostwouldbe an indirectone. The
constantsal, ~, and a3, beingessentiallycorrelationconstants,
oughttobe nearlyindependentoftheMachnumber.TheeffectofMach
numberonthemeantemperature-velocityrelationshipslargelyinthe
firsttermontheright-handsideofequation(19),where M12 stands
beforetheparenthesis.OnemayalsoexpectheconstantsA2andQ
to varyinsomewaywiththeMachnumberthroughthefrictionalcoef-
ficientcf andtheheat-transfercoefficietiCqi However,thevaria-
tionsof Cf and Cq withWch numberareknowntobe ratherslow.
Foranapproximateheory,itmightbe sufficientto regardAl) ~>
and Q alsoasuniversalconstantsindependentofthefree-streamMach
number.Likewise,theconstants“Al W A2 mightfurtherbe taken
tobe independentoftheheat-transfersituationatthewall.
Thereareconsequentlythreeparametersal, ~, ~d a3 tobe
introducedintheproblembesidestheboundaryconditionsofthemean
flowatthewallandinthefreestream.Theseparametersarerelated
totheturbulencem chanismandmustbe empiricallydeterminedby com-
paringwithexperimentaldata. Oncedeterminedfromsuitablexperi-
mentsatlowspeedswithknownheattransferatthewall,theyenable
onetopredicthebehavioratanyotherMachnumberorheat-transfer
condition,provided,of couse~thatthet~b~ence levelissti~
smallandthattheMachnumberisnotexcessive.%
Inthefollowing,equation(19)willbe inte~atedfirstforthe
caseof subsonicflowandthenforthegeneralcase.Forthesubsonic
—- . .. —.——-. .— ———
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casethesolutioncanbe e~ressedfi~ ascend- seriesof M12~~d
. .
a fewtermswouldbe sufficientto comparewithlow-speedteststo
deducethevaluesoftheuniversalconstants.Theintegralforthe .
generalcaseisusefulmainlyforthepredictionof supersonicboundary
layeraftertheuniversalconstantsaredetemined.
Caseof subsonicflow.-Assumethesolutiontobe expandedin
ascendingpowersof M12:
= e(o)= Ml*e(l)+Mlke(q+. . .+ @e(n)+...e (a)
hence,
~e$ (o) 1-2%)3+
Substitutingintoequation(19)and
a setof differentialequationsfor
‘(n)*Thus,for
MIO:
M12:
M14:
M16:
. . .
(22)
equatingpowersof M12n,oneobtabs
thefunctionse(o)) e(l)). . .)
1(23)
.— ———.
.-— — —.— — —. —
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J andsoforth.Forboundary
With
withnoheattransfer
u
conditionsonehasfortheincompressible
e=e(o)=l when 11= til,where
u—1- l-~z ThisresultholdsforanyMachnumber;therefore,a u—l
.
8(1)=6(2)= . ..=0 when fi=fil
theseconditions
.
theintegralsofequation(23)arefoundtobe
(
qo)=l+Qti-
(24)
and so forth.Whenthewallisinsulated,Q = O,andthefunctions
qlp 0(2),. . . are simply polynomials of ii..Forconvenient
reference,a fewofthemsrelistedasfollows:
andSO forth.
. —— —— —..—— . —
. ..—
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An interestingresult obe notedisthatthesolutione(o) in .
equation(24)evidentlycoincideswithwhatisusuallyknownasReynol&’
analogy,wherea similartransfermechanismisassumedforboththe
momentumandtheheattransfers. .Herethesameresultsareobtained
becauseofthefactthattheturbulentexchngejproportionaltothe
temperaturegradient~–/dy,dominatesthesituationatverysmallMach
numbers.A shilartransfermechanismfollowstheassumedsimilsrtur-
bulencepattern.Thesolutions6(1),andso forthnowgivethecor-
rectiontoReynolds’analogyathigherMachnumbers.
.
Generalcase.- A briefoutlinewillnowbe givenforthegeneral
case.Rewritequation(19):
(26)
whichisnowhomogeneousin @ and 6. Usingthestandardmethod,put
Then F istobe solvedfrom
Integratingequation(%), onegets
(27) ‘
(28)
(29) .
.
—-
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where
I-3
/( - ,2)S1 = -,1 kl
%= k2/~1 - %)
c = Integrationconstant
(30)
Together,equatio~(!l’)and(29)
thefunction6’= . APPlying
namely,6 =1 when G= c1, one
forma parametricrepresentationof
theconditionattheouteredge,
} (31)(–ul+$~(%)-ki-yqqq - %-]-s2J. A1M12..wc 2
Thecomplicatedwayinwhichtheconstantsareentangledrenderstheir
evaluationfromempiricaldatahighlytedious.Besides,theproperform
ofequation(29),whereeverytermisreal,dependsonthesignand
magnitudeoftheconstantsandisbesttobe directlyintegratedfrom
equation(28)oncetheconstantsareknown.
VELOCITYAND~ DISTRIBUTIONSIN
BOUNDARYLAYER
To determinethedistributionfthemeanvelocityand/orthemean
temperatureacrosstheboundary-layerthickness,itisnecessarytobring
inthedefinitionofthelengthsc!ale20 asa functionof y. b
reference2,twoalternativeexpressions(equations(33)and(39))have
beengivenforthelengthscale,layingemphasisonthemomentumandthe
-- –—-———. — ——
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energyequations,respectively.Integratingeitherwillleadto a c
velocitydistribution,fromwhicha temperaturedistributionmaybe
calculatedbymeansoftheresultsinthesection“Velocity-Temperature
Relation.r’Thedistributionsevaluatedfromthetwoexpressionswill,
ingeneral,be different.It seemsthatonlyby comparisonwith
experimentscanonesaywhetherbothleadto essentiallythesame
resultoroneformispreferabletotheotherincertainparticular
cases.
Thetwodefinitionsare,nevertheless,ofthesamegeneralform:
(32)
with X standingforthevariableii inequation(33)ofreference2
andfor ~ inequation(39)ofreference2. WithoutspecifyingX,
itfollowsfromequation(32) ofreference2 that
V. a 10QQ
dy
Idiid.xd2X.— —= aldydyd~
where al isa proportionalconstant.Rewriting,
()d loge$ dii‘al<
Hence,by integrationa dsubstitutionfequation(15),
(33)
(34)
.—.—.. .
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Thetemperature-velocityrelationmaythenbe used,yielding
where
dx
—= G(t)
d-y
G(ii) (1)al -=exp-fi‘E 1
15
(35)
Finally,onemayobtainthedistributionbyintegratingequation(35)
J
y. +
G(u)
/
dxdf3dti
= .——
ded=G(?i)
Fordefinition(33)ofreference2, X = a,
f
dti
Y= —
G(;)
fordefinition(39)ofreference2, x=e,
dii
G(ii)
(36)
(37) .
(%)
AgainonemayfirstsolvethesubsonicaseYora moreexplicitexpres-
sion,whichmustbe reducibletotheusuallogarithmicdistributionfor
incompressiblef ow.Thena briefdiscussionofthegeneralcaseforany
Machnumberwillbe takenup.
Caseof subsonicflow.-ThefunctionG(;) mustfirstbe evaluated
beforeintegratingequation(36).By definition(35),
(39)
—.—.—.. — -.— .—— ——. .
.— .-. .
.—
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afternondimensionalizingw thequation(8). Usingequation(22),
onehas
-1
where
3J’(3 -5/2 1 e -3/2 -q3(ii)= ~ ‘(lee - z (3)e(o)%
5 -“e
)
-7/2 ~
fie(l)3 (0)
.
andsoforth,withthe
‘(n)‘s definedby equation(24)withheat
transferatwallandby
stitutingintoequation
equation(25)
(39),onemy
withan insulatedwall. Sub-
thereforeput
(40)
———— -.——
3 17
e [ 1G(=) =go(:) 1 + M12g1(fi)+ M14g2(:)+ . . .
gJfi)
I@)
g@)
qa
Inverting,
. . . . . .
where
(41)
.—-—.
——_ ..—___
——— _____._
-— -—— .__.
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andsoforth.Equation(@) maynowbe usedto evaluatequations(37) #
anti(38):
o
.
(1) Case (a) X = Ii:
[
H dti
Y- Y*= —
~ G(:)
r
= yu,o(~)+ M12Yu,1(ti)+ M14YU,2(:)+ . . .
where yr isa referencestation,
at yr,and
YU,2‘
J’
u glqti)- .f@i)
iir g#)
. . . . .
=.. is thevalueof ;
.
Itwillbe of interesto applyequation
case,namelyM12~ O. Thedistributionis
Y - Yr=Yujo(a
(43)
(43) to theincompressible
then
.
— —.-— —____ .——. .——
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Forstiplicity,onemaytake yr = 8, 8 beingthethicknessofthe
2boundarylayer,sothat
With e(o) givenby equation(24),
Therefore
-a2
= e
[[
2Actuallythisproceduredoesnotgivethebestfitto experimental
velocitvdistributions,sincethesimilmitycon~ptiSnot-d ne~
theout& edgeoftheboundarylayer.“Insteadof b,thelengthscale
shouldbe takenasproportionalto
velocity.Forgeneraldiscussions,
difference.
,’
~firjwhere UT isthefrictional
however,thereoughttobe little
.-
-, --
—— .-- —--—— _— —. . ..— —z _ .—
——
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where
The constant a2 maybe determinedfromtheusualconditionatthe
3
wall:
Theotherconstantal hastobe evaluatedby matchingwithexperi-
mentaldistribution.Fromthedefinition(33),itcorrespondsto
VonI&m&’s universalconstant. .
Onemayfurtherdevelopthesolution(~) intoa powerseriesin
Q forcaseswheretheheattranaferisrelativelysmall.Aftersome
manipulation,thefinalresultis
‘oge(1-=’)=‘“x+‘(*x)-1 (“( )2+B1 2 2—x Q+...~+ 8 .
where I (45)
3ASa possiblerefinement, thelaminarsublayermaybe assumedtO
havea linearvelocityprofile,and,insteadof infinity,thevelocity
gradientatthewallmay%e prescribedas
()&-= ‘ody as y+ov y-
However,thisstepcomplicatesthepracticalcalculationa dmustbe
justifiedby experience.
.. A__ ___ ._..._
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Applyingtheconditionof infinitevelocitygradientatthewall,one
findseasily
‘2 = “5
Forthecaseof an insulatedwall,therefollows
ii
—.l=+loge$
~ B1
(46)
(47)
whichispreciselya formofthelogarithmiclaw,matchingwiththe
experimentaldistributionattheassumededgeoftheboundarylayer.
Sucha formhasbeensuggestedby Dryden(reference6)in1935,where
thefrictionalvelocity~ andVonK&&n’s con&ant K wereused
insteadof al and cf inequation(47).BY
oneverifiesreadilythat
al=K
Equation(47)thenreducesexactlyto Dryden’s
recallingthedefinition
}
form
(48)
(49)
Onemayalsoconcludethatthelogarithmiclaw,suitablymodified,
indeedcanbe approximatelytrueevenwiththepresenceofa verysmall
amountofheattransfer,sinceequation(45)showsthatthefirst-order
correctionfor Q = O merelyamountsto replacingthefactorinequa-
tion(49)by a slightlydifferentone. Iftheheattransferisappreci-
able,equation(45)predictsthatthelogarithmiclawintheformof
equation(4) wouldbreakdown.Therewouldbe considerableinterest
ifequation(45)couldbe testedfordifferentvaluesof Q.
ItisapparenthateachofthefractionsYU,n inequation(43) “
maybe developedintoa powerseriesin Q asabove.Ingeneral,
therefore,theright-handsideofequation(~), whichgivesthevelocity
distribution,isintheformof a doubleseriesintheparametersQ
and M12,involvingconstantsal and a2 whicharetobe determined
once andforall. Infact,by comparingwiththeincompressible
— —..—— -_ -— —— . . —... —. .
-—
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insulatedcaseasabove,both al and ~ aregivenintermsof
B1 and B2.
Foritspracticalimportance,theresultsfortheinsulatedcase
at subsonicl&chnumbers‘meexplicitlygivenasfollows:Equations(~)
areintegratedbyusingequations(25),
q)o(il) = ii - al
q@ = b. + blti+ b2% + b3ti3
andsoforth,where
b. .
bl =
b2 =
b3 .
co=
C2 =
. C3=
C4=
C5=
(50)
(51)
..— ..— _ -.—— . . ——.— .._
——-.——
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.
sndsoforth.Thefunctions~ ofequations(41)become
r
g#i)
g+)
@(u)
andSO forth.Hence,
YU,o=
Yu,~ =
YU,2=
{‘21-e=
andsoforth,where
bl 2b2+ 6b3d10=bo+—+— —
‘1 B12 B13
1
33
’12 =b2+r
=b%3 3
(52)
(53)
(54) -
—_. ——-——— -. - —-
-. ---- -.
24
and
‘%?,n“
6-n (m+ n): h
z n! m-1m- B1
Theconstantshm aredefinedasfollows:
ho= ~ b02 --co+ ~
hl=-cl+Bbb101
h2 = (‘1 b 2 + 2bOb2-C2+—12 )
h3 ( )= -C3+ B1b1b2+ bob3
h4= B1 -(-c4+ ~ b2 .)2 + 2b1b3
% = -C5+ Blb2b3
B12.h6
‘Tb3
(55)
(56)
Withtheseevaluations,thedistributionfortheinsulatedsubsonicase
beco~sfinally,
where
()Iilo@ &+_- 1 + Ml%l(ti)+ M14f2(ti)+ . . .iii
1
(57)
6
f2(E)= 1( % -* ,~n %%)P - %?)
n=O
_____ ._
4.
“
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andsoforthwhere B2 isnowdeterminedagainby theconditionof
infinitevelocitygradientatwall, a
Theotheralternativefor X willnowbe co~idered:
(2)Case(b) X=e:
Insteadof eqyation(43),theequationbecomes
Since,fromequation(43), “
(59)
&= -&j-yujn~a
n=O
onemayrewrite equation (59) ai3
Y- Yr =Ye,o(ti) +M2Y 11 e,l(~)+~~e,2(ti)+ l . .
where
Inparallelwithcase(a),where X = ~, theresultsforincompressible
flowwithheattransferandforan insulatedwallinsubsonicfloware
giveninthefollowing.Fortheformerproblem,by usingequation(23)
. oneobtainshmediately
. ‘9,0= QYu,o (61)
.. ———. —,
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sothata modificationfthedefinitionof B2 leadsto thesame .
distribution(45).Thusthet~ choicesof X sreequivalentto each
otherevenforthedistributioni incompressiblef ow.
Forthecompressiblecasewithan insulatedwall.,theright-hand
sideofequation(60)startswith Ye,l. Now
Jii( )%, o .-u= Al%+ A2 — du51 dti
by takingyr = b andusingequations(23)and(25).Integrating,
Substitutingintoexpression(59),onehas
Y-B ()=M12YG,1+ O M14
Theconditionof infinitevelocitypyadientat y = O again
determinesB2,
Hencethedistributionmaybe writtenas
()log ~=-Bl~-l +eb ‘1
loge
[
1+ ()+O M12 .(62)
—. . —
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. Equation(62)indicatesthatintheabsenceofheattransferatthe
wall,thechoiceof X = 6’leadsto anadditionaltermtotheusual
logarithmiclawevenwhen Ml*<< 1 (butnotzero).Theadditional
termisofmoreweightnearerthewallwhere /
.—
u U1 differsappreciably
fromunity.Noticingfurtherthat All% isa controllingparameter,
by equation(20),onemaysaythatthepredicteddeviationfromthe
usuallogarithmiclawdependaontherelationbetweenthebeatgen-
eratedby dissipationa dtheturbulenttransferof suchheat(and
dueto compressibility).Ordinarytheoriesassumethedissipationto
be negligible,quivalenttoputtingAl = O. Thentheadditional
termvanishes.
Theapparentcontradictionof
thelowest-ordertermsinbothare
vationthat,incompleteform,one
equations(45)and(62)whenonly-
retainedisresolvedby theobser-
shouldhave
(63)
sothatthelowest-ordertermsshouldbe takenaccordingtowhether
Q <<M12 ortheconverseistrue. Ifbothareofthesameorder,
neithershouldbe leftoutandthefinalexpressioncertainlywill
containanadditionaltermanalogouatothatinequation(62).
Physically,itisobviousthatifa greatamountofheatconduction
ispresentatthewall,itcertainlywouldovershadowthedistributed
heatingdueto dissipation(andcompressibility)at lowerMachnumbers.
Ontheotherhand,whenthereisno externalheating,thedissipation
becomestheonlypredominantfactor.
TheMachnumbereffectinequation(62)canbeworkedoutwithout
difficulty,but,involvingnonewfeatures,thedetailsareomittedin
thisreport.
Generalcase.- The general case will be only-briefly treated, as
the inte~ation dependson thevaluesoftheconstantsAl, A2,and Q.
\
----- .- ——— —.. —.——— ——.
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(H. equations(28) to (30). Stillsttiingwithequations (36)
and(39), one substitutes@ by equation(27)
L
*
(1F= exp .B1 ‘1 al’A1M12~2 A#112~ - ~
,)
‘%2
-—
2 2
where
(64)
Hence,for X = ;,
(65)
———-—_.. ..—
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with dti/dFgivenby equations(28)and(29).Similarly,for X = 6,
(66)
with dfl/d~tobe evaluatedfrom”equations(27)and(29).Thecon-
stantof integrationB3 isdeterminedfromthecondition:
The constantB1 haspreviouslybeenidetitifiedwith UTIK.
CORRELATIONFTHEORYWITH~S ANDDISCUSSIONS
Determinationof Arbitrary Constants
Thereme twosetsofarbitraryconstants.In thetemperature-
velocityrelation,onehasthreeconstantsal, ~, ~d ~ representing
essentiallycombinationsofthecorrelations,whichareassumeduni-
versalwithregardtothefree-streamMachnumberandtheheat-conduction’
conditionsatwall. Inadditionthereisthemeanvelocity= atthe ,
edgeofthelaminarsublayerseparatingtheturbulentboundarylayer
‘fromthewall. Thesecondsetarisesoutofthetite~ationforthe
meanvelocitydistributionwithintheboundarylayer,consistingof
B1 and ~ inthesection“VelocityandTemperatureDistributionsin
BoundaryLayer.”Theexternalconditionsdefiningthemeanflowsre
thefollowing:Thefree-streamvelocity,pressure,temperature,the
frictionatwall,andthetemperatureatwall(ortheamountofheat
conductionfromthewall).
Withgivenexternalconditions,theconstantscanbe determined
by comparingwithaccuratexperimentalresults.Thesignificantpoint
isthat,oncedetermined,a universalawforallMachnumbersandheat
conductionis”established.No otheradhocassumptionseedtobe
introducedforspecialcases.
.
.
.
.— . -- —-—- ——..—.——.—. ——
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Itisthenonlynecessaryto conducta fewlow-speedexperiments
with~rescribedheatconductionatthewallandmeasure,them antem-
.
peratureandvelocitiesatpointsacrossthesection.Eli&s’data
(reference7)wereinthiscategorybutunfortunatelywerenotpre-
sentedinenoughdetailto suitthepresentpurpose.Onemaynaturally
alsodeducefromhigh-speedmeasurementswithsomewhatmorework.
Wilson(reference8) andIadenburgandBershader(reference9)published
theresultsfora supersonicfreestream.Unfortunately,again,their
data~erenot sufficient,becauseonlyoneofthetwovariablesii
and T wasmeasuredineithercase.Bothassumedtheisoenergetic
relationto holdforevaluationoftheothervariable.
There are argumentsfor thevalidityoftheisoenergeticrelation,
eitherfromthepracticalreasonthattheeffectivePrandtlnumberis
nearlyunityorfromsomeassumption t,hemixinglengthsformomentum
andener~,suchasFerrsri’s(reference5). Evenadmittingtheargu-
ments,no isoenergeticlawwouldfollowhenthedissipationtermis
keptintheener~ equation.~ reference2, ithasbeenshownthat
thedissipationtermsshouldbe retainedfora consistenttheory,and
onecouldonlyregardthesuccess,ifany,tobe essentiallyan
empiricalonefortheMachnumberorheatconductioni volved.Such
empiricalresultsmightbeuseful,however,fortheapproximateevalua-
tionoftheconstantsal,
~, and a3,at leastasa guidancetothe
ordersofmagnitude.
Theconstant@ isa moretroublesomeone. In appendixB, it
isshowntobe dependentontheMachnumberaswellasanotherempirical
constantdefiningtheextentoftheturbulentlayer.Thecorrectdetermi-
nation,therefore,isverytediousandperhapsnotwarrantedbecause
oftheapproximatenatureofthetheory.A possiblewayisto deter-
mineitsvaluefromincompressiblef owandneglecthedependenceon
Machnuuiber.Theerrorintroducedcanbe assessedonlybycomparing
withexperimentalresults.
Thedeterminationf B1 @ B2 isdonebymatchingwiththe
empiricaldistributionfthemeanvelocityortemperature.Inthe
section“VelocityandTemperatureDistributionsinBoundaryLayer”it
iS foundthat B2 is essentially determinedby the condition that
dii/dy4 w as y~O, and B1 correspondsto UTIK intheUUI
incompressiblecase(cf.equation(47)and(48)),K beingvon-’s
universalconstant.Approximately,withintherangeofmoderateMach
numbers,B1 mightbe takentobe independentoflkchnumberwithout
seriouserror.
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Somel?xperimentalResultsofTurbulent
BoundsryLayer%
A briefexaminationfthevelocitydistributioni theincompres-
siblecasemaybe madeto checkwiththelogarithmiclawpredictedby
similarityheory.A quitecommonformforturbulent-boundary-layerflow
hasbeenthel/7-powerlaw. Recently,therearethecarefulmeasurements
intheNationalBureauof Standards4andsomeotherssuchasthoseby
Hama(reference10). Typicalexamplesfromtheseworksatvarious
Reynoldsnumbershavebeenplottedon semilogarithmicpaperasfig-
ure1. Itisfoundthatoutsidethe“viscous”layernearthewall,
allthecurvestendto showa moreorlessstraightportion,ofapproxi-
matelythesameslope,theextentofthestraightportiondecreasing
5 Sucha phenomenonisinaccordanceastheReynoldsnumberdecreases.
withtheexpectation“onthebasisofthesimilarityheory,becausea
smallerReynoldsnumberbringsintheviscouseffectsto a greaterdegree,
causinga mergingofthehigher-andlower-frequencypartsof theener~
spectrum.Theslopewaspredictedtobeproportionalto UT andhence
shouldchangeonlyslowlywithReynoldsnumber,againverifiedby the
experiments.Forlargervaluesof y/8,thevelocitycurvedeviatesfrom
thestraightportiononthesemilogarithmicplotandmaybe approximated
by a powerlaw. Inthispsrtoftheboundarylayer,theturbulenceis
nesrlyisotropicandthereforethemeanflowisnotexpectedtofollow
closelythelogarithmicrelation.Theempiricall/7-powerlawisalso
includedandshowsgoodageementonthewhole.
Forthecompressiblecase,theworksofWilson(reference8) and
LadenburgandBershader(reference9)havebeenquotedbefore.The
velocitydistributionsgivenarealsoplottedinfigure1 forcomparison.
Itshouldbe notedthatindeducingthevelocitydistributionfromtheir
measurements,bothmadeuseoftheisoenergeticrelation.Wilsonrs
measurementsweredonewitha pitotimibeandregisteredactuallythe
Machnumbervariationwithin.theboundarylayer,computedfromthe
stagndionpressures.A dis&zssionwasmadeontheerrorintroduced
bytheassumedisoenergeticrelation,withtheconclusionthatthe
maximumerroramountsto about3 percentfor Ml = 2.0. NowLadenburg
andBershadermeasuredbyweansofan interferometerand,therefore,
w
4Asyetunpublished.Theauthorsareobligedto Dr.Schubauer,
chiefoftheAerodynamicsSectioninNBS,forfurnishingthedata.
%kna’sresdtsshowmorewavinessthanthoseOfNBS,partial-l-y
. becausehisReynoldsnuuiberisquitelow,andareomittedinfigure1.
.
. —.— .—.—. ———.—-.
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haverecordedactuallythetemperaturevariation.By coincidencethe
twosetsof experimentshavesomeofthetestsmadeunderalmost
identical.conditions,likethefollowing:
b
Reference9: T1 = 143°C, Ml = 2.3, RbX @
Reference8:6 T1 = 150°c, q = 2.03,Ra2 1~
After correcting for theMachnumberdifference,onemayest~te the
temperaturedistributioni Wilson’scasefromLadenburgandBershaderls
dataandevaluatethevelocityfromthemeasuredlocal.Machnumber.In
correctingfortheMachnumberdifference,assumea modifiedisoenergetic
- lawtohold,
T +2— ()21-—=l+aMl—‘1 iif
a beinga constant,sothat
Then,“letting subscriptsrefertotherespectiveexperiments,
and,finally,
.
6TableI,station6,ofreference8.,
.
.
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Thefollowing
y/8
(1)MMIW
( IT)F 1*
(IJiiti w
u-)fiulw
results are
0.104
.665
1.31
.762
.769
wherethesubscriptsWW
33
thenobtained:
0.217 0.321 0.477 0.6!36
.751 .820 .903 .982
1.24 1.20 1.12 1.05
.836 .899 .958 1.003
.838 j 888 .943 l 990
refertothevaluegivenbyWilsonusingthe
isoenergetic law. Itis interestingto seethat,at leastforthis
particular case, the isoenergetic law does give a very close approxi-
mationas checkedby the independentemperaturemeasurement.However,
whetherthesameagreementwouldresultinothercasescannotbe readily
ascertained.
l
VariationofSkinFrictionwithReynolds
andWch Numbers:.2.
In thepresent theory the skin friction was introducedas an
etiernal condition suchas wouldinfluence the turbulencepattern
throughit,s effects on the meandistributions. Onemaystretch the
theory a little to yield an equationof the skin friction involving the
chordwiseReynoldsnumberandtheMachnumber,asPrandtlandVonK&?m6n
haddonefortheincompressiblecase(references11and12). A momentum
thiclmessd fortheentireboundarylayermaybe derived,whichis
relatedtotheskinfrictionby
!I%eviscosity is introducedtoforma lengthscalewiththefrictional.
velocityuT anda chordwiseReynoldsnumberappears.Whentheuniver-
salconstantsinthepresentheoryereknown,theskin-tiictionrelation
thusderivedwillalsogiveexplicitMachnumbereffects.A pointtobe
notedisthatthevelocitydistributionshould’referto thefrictional
velocityuT)insteadof ~ attheouteredge Y = ~. Forsimplicity
. itmightbe necesssrytomakeapproximationsbutthereseemstobe no
greatdifficulty.
.
MassachusettsInstitute of Technol&y ““
Cambridge,Mass.,December27,1950.
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SYMBOIS
y9a2 constants,definedby equations(33)and(39)~
respectively
q))bl) “ l l
1
coefficientsinexpansionsfor ql and q2
C(),cl, l . . definedinequations(51)
Cf)Cq coefficients of skinfrictionandheattransfer,
respectively,definedinequations(18)
Cp )Cv specificheatsatconstantpressureandconstant
volume,respectively
dlo)dn>l l .
1
coefficientsinexpansionsfor %,1 =d %,2)
~o,d~, . . l definedby equations(54)and(55),respectively
dilatation
( )
23+*+*
ax & az
f1’f2 correctionfunctionsforMachnumbereffectonlogarithmiclaw,definedby equations(57)
~,gl, - * l functionsinexpansionfor G,definedby
equations(41)
go,g-~, = l l functions inexpsnsionfor l/G,definedby
equations(42)
~,hl, . . .- constantsdefinedby equations(56)’
k coefficientofheatconductivityoffluid
kl~~ constantsdefinedby equations(30)
‘o similarity scale oflength
..
->
m . rateofmasstransferatwall
.
.- —
-—___
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P)3?1
~
q*
*1Jf32
t
to
u,v,w
‘o
—
u*
UT
X,y,z
Yr
AIJ+
B1,B2
c
F
G
Ml
meanpreBsureandmeanpressureinfreestream,
respectively
l
rateofheattran~eratwall
rateofamountof heatgeneratedinlaminarsublayer
~onstantsdefinedby equations(30)
time
shilarityscaleofthe forfluctuations
velocitycomponentsinx-,y-,andz-directions>
reSEctively
similarityscaleofvelocityfluctuations
modifiedmeanvelocity,definedby equation(16)
magnitudeofmeanvelocityatedgeof laminfi
sublayer
nondimensionalizedm&fied meanvelocity(n= ueluJ——
valueof If evaluatedat outeredgeofturbulent
boundarylayer’
value of = evaluatedata referencestationwithin
‘boundarylayer
frictionalvelocity(m)
Cartesiancoordinates;XJ axisindirectionofplate
andfreestream;YJ axis normal.to plate;and z,
axisparallelto leadingedgeofplate
referencestationinboundarylayer
constantsdefinedby equations(20)
constantsdefinedbyequations(45)
constantdefinedby equations(31)
functiondefinedby equation(27)
functiondefinedbyequation(35)
Machnumberoffreestream
4
..”-
. ----
.,.
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Q“ constant”defined by equations(20)
R“ gasconstantin equation
R5 , Reynoldsnuder -basedon
T temperature
~ meanteqerat- at wall
ofstate
boundary-layerthickness
5 meanvelocity componentin x-direction
x function definingsimilarityscaleoflength,as
inequation(32)
%, OJ%JJ l . l distributionfunctionsby equations(43)
‘8,0’Y8,1’“ “ “ distributionfunctionsby equations(60)
a~~m2Ju3 constantsrepresenting
equationof energy
‘1’e2
.
‘(0)’8(1)’
e(2p . . .
}
r)Toconstant R—5
formeanvelocity,defined
formeanvelocity,defined
correlationsinaveraged
constantdefined by equations(64)
ratioof specificheats
thicknessofboundarylayer
thickness oflaminarsublayer
rate of dissi~ation
nondimensionalizedmeantemperature,definedby
equations(18)
shilsrityscalesof temperaturefluctuation
functionsinexpansionfor e,definedby
equations(24) or (25)
.
.
————.—_— .—
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d momentumthicknessofboundarylayer
37
P coefficientofviscosity
v coefficientofkinematic
P densityoffluid
viscosity
T shearingstress
ToYTOz shesringstressatthewallindirectionofmain
streamandparallelto leadingedge,respectively
T0291>“ “ “ functionsinexpansionfor F, definedby
equations(40)
Thesubscript1 denotesquantitiesinthefreestream.Barred
quantitiesalwaysrepresentmeanvalues;primedquantitiesrepresent
fluctuations.
-—— .— .—— —- —-—-— —-
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APPENDIXB
DISSEWJ!1ONI THEVISCOUSUBLAYER .
Imaginetheboundarylayer to be idealized to consist of twoparts:
Themajorpart is entirely turbulent, extendingfromthe outer edge to
a certain distance close to the wall. Fromthere on theviscomeffects
takeovercompletely,anda viscousublayerisformed.Intheviscous
sublayer,theflowislaminarandfreeofturbulence.
Letthethiclmessoftheviscousublayerbe 8*. Theenergy
equationwithinthesublayerthendegeneratesinto
(Bl)
sinceall thecorrectiontermsvanishforthelaminarflowwith
ii=,Ii(y),7 = o. Thefirsttermistheviscousdissipation;the .
secondistheheatconduction.~Oting that w ~ = To = Constant,one
gets by integration
assumingconduction
0U13~Tow h the
@ltion. and -k —
betweenO and 8*,
(B2)
to be comparativelynegligible at y = 8*. Obvi.
heatgeneratedintheviscousublayerby dissipa-
istheheatconductedintothefluidfromthe
.
Olv=o
wall. In thenot&ion of equation (9), they are the quantities q*
and q, respectively.Therefore,q~ istheresultantheatexchange
betweentheviscousandtheturbulentlayers.
It isimportantto esthate,at least approximately,the magni-
tude = for the present theory (cf. equation (16)). To do sothe
firststepisto estimatethethickness5*. Usuallythethickness
ofthesublayerisexpressedby .__—
— —
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,.
Q ‘3%+
= h, a constant
v
39
(B3)
IntheactusIcasethereisa transitionlayerwheretheviscousand
turbylentshearsareofthesameorderofmagnitude.Thevalueof h
intheincompressiblecasevariesfromapprox~tely10to 30,
dependingonwhetherthesublayeristakentobe strictlylaminarand
has,consequently,a linearvelocityprofile,orthesublayeristo
consistoftheentirethicknesswherenoticeabledeparturefromthe
turbulentvelocityprofileoccurs.Intheidealizationadoptedinthis
section,thetransitionlayerisomittedandtheboundaryofthe
“viscouslayertishouldthereforeliesomewherewithintheactualtran-
sitionlayer.By suchreasoning,itseemsthata“naveragevalueof h
oftheorderof20 isprobablyadequateforthepurpose.
Itmaybe seenthat,withsucha concept,thevalueof h ought
tovarywiththeMechnuniber.For,onemayregardthesublayerasowing
itsexistenceto thefactthattheviscoushearbecomesan appreciable
partofthetotalshear.Suppose,then,that h isdefinedto satisfy
b
# ‘1 =-T u
cc beinga constantless thanunity. The
estimatedby using the turbulentvelocity
h the subsoniccase if oneuses equation
.
q=~ loge y+ B + Ml?E’l(ti)+
K
(B4)
quantitydii/dymaybe
distribution.Forinstance,
(57),
M14f2(ti)+ . . .
9
1
+*. .
Hence,by substitutingintoequation(B4),
h.~ (1 + M12fl’(@)+ . . .ti )
- —— -—
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where~*=L
al
incompressible
,
0
NACATN 2543
= (cf.equation(16)).If > isthevalueforthe “
case, therefollows
h
—=~+M12fl’(ti*)+ . . .
hi
Sincetheright-hands~deinvolves~, successive
be necessaryforobtainingthesolution.
approximationsmight
Havingdetermined5*,onemayfind ~ by againapplyingthe
turbulentdistribution.
.
.
.
.4
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